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Abstract. We present a simple model for calculating the fluorescence generated by the multi-photon ex-
citation (MPE) of molecules in solution. The model takes into account internal molecular dynamics such
as ground-state depletion due to inter-system crossing (ISC), as well as external molecular dynamics asso-
ciated with diffusion into and out of an excitation volume confined in 3-dimensions. Internal and external
molecular dynamics are combined by using a technique of linearization of a modified diffusion equation
which takes into account the possibility of concentration depletion due to photobleaching. In addition, we
discuss the phenomenon of pulse saturation which effectively limits the molecular excitation rate constant
in the case of short pulsed excitation. Our results are specifically applied in the context of fluorescence
autocorrelation functions and single-molecule detection. In the latter case, we discuss some consequences
of high-order multi-photon photobleaching. Finally, we include three appendices to rigorously define the
temporal and spatial profiles of an arbitrary excitation beam, and also to discuss some properties of an
exact evaluation of concentration depletion due to photobleaching.

PACS. 32.80.Wr Other multiphoton processes – 32.50.+d Fluorescence, phosphorescence (including
quenching) – 87.64.-t Spectroscopic and microscopic techniques in biophysics and medical physics

1 Introduction

The quality of an image obtained with a fluorescence
microscope is almost always limited by the quantity of
fluorescence that is collected and processed to generate
the image. It is therefore important to thoroughly un-
derstand the physical processes limiting this fluorescence.
Until recently, most fluorescence microscopes have oper-
ated under the principle of one photon excitation (1PE),
whereby a single excitation photon from a laser or from a
lamp is sufficient to excite a fluorescent molecule [1]. With
the invention of nonlinear microscopy, this principle has
been extended to two-photon excitation (2PE) [2,3], fol-
lowed by three-photon excitation (3PE) [4–6], opening the
door to fluorescence imaging via multi-photon excitation
(MPE) [4], whereby more than one photon are required
to excite a fluorescent molecule. In practice, the illumina-
tion beam is generally a continuous wave (CW) for 1PE,
whereas the illumination laser beam must be pulsed for
MPE, owing to the large photon densities required to gen-
erate an adequate amount of fluorescence.

A fundamental advantage of MPE microscopy over
conventional (1PE) widefield or confocal microscopy is
that MPE is inherently confined to a small volume in
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3-dimensions [2,7,8], and hence occasions little damage
to the sample or to fluorescent molecules outside the vol-
ume. In other words, only those molecules that are imaged
(i.e. those molecules that fluoresce from within the exci-
tation volume) are subjected to photodamage, whereas
in conventional confocal microscopy many molecules are
subjected to photodamage that are never imaged. This ad-
vantage has been demonstrated, for example, in the deep
imaging of fluorescent species in highly turbid media such
brain tissue [9,10], and in the imaging of fragile molecules
such as autofluorescent proteins [4,11–13] or amino-acids
or cell messengers [14,15].

The purpose of this article is to detail the physical
processes that limit the amount of fluorescence emitted
by one or more molecules undergoing MPE in a solvent.
Particular care is taken to distinguish the effects of pulsed
illumination as compared to CW illumination, since the
former is almost always required in MPE and can have
significant consequences on both the excitation rate con-
stant and volume. These consequences can play a role,
for example, when dealing with fluorescence correlation
spectroscopy (FCS) [16–19], fluorescence photobleaching
recovery (FPR) [20], or uncaging [21,22]. We derive sim-
ple expressions for ground state depletion and saturation,
both of which limit the rate at which a molecule can flu-
oresce. In addition, we present various scenarios taking
into account the possibility of photodamage, which limits
the total amount of fluorescence that can be emitted by
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Fig. 1. Simple model of a molecule consisting of a ground state
g and an excited state e from which the molecule can fluoresce
with a quantum yield qr or non-radiatively decay to the lowest
level triplet state t with a quantum yield qisc.

a molecule. When imaging fluorescent molecules, a reduc-
tion in fluorescence rate can be compensated, whenever
practical, by an increase in the time allotted for an im-
age acquisition. On the other hand, a limitation in the
total amount of fluorescence cannot be compensated. As
such, photodamage is almost always the predominant fac-
tor limiting image quality in fluorescence microscopy.

We close this article by noting that in some cases MPE
does not always present an advantage over 1PE. In regimes
where a high order fluorescence excitation process occa-
sions a higher order photodamage process (for example, if
2PE fluorescence occasions 3PE photodamage) then the
curtailing of fluorescence due to photodamage may be so
severe that the advantages of the high order fluorescence
excitation are outweighed. This phenomenon is considered
in the specific example of single-molecule 2PE fluorescence
detection, and is speculated to account for the deficiencies
in reported signals [23–25].

The global layout of the article is divided into three
parts. The first part is limited to a discussion of molec-
ular fluorescence in “closed” systems, that is, systems in
which only the internal dynamics of molecules play a role
since the molecules are regarded as effectively isolated
from an outside world. The second part is limited to a
discussion of molecular fluorescence in “open” systems in
which the internal dynamics of molecules are neglected
and instead only their external dynamics are considered.
Finally, the third part combines the results for “closed”
and “open” system dynamics through a technique of lin-
earization, with particular emphasis both on fluorescence
autocorrelation functions and single molecule detection.
In general, we try to simplify our formalism as much as
possible in order to distill the basic principles involved
and cast our results in forms amenable to “back-of-the-
envelope” calculations.

2 Average fluorescence rate

We first consider only the simplest model of a molecule
which illustrates most of the key processes governing flu-
orescence (see Fig. 1). For a molecule to fluoresce, it must
be excited. At any given instant τ , the excitation rate of
the molecule, defined as the probability that the molecule
is excited per unit time, is given by g(τ)α(τ), where g(τ)
is the instantaneous probability that the molecule is in
the ground state, and α(τ) is the instantaneous excitation

rate constant, governed by the excitation light intensity
and the molecular absorption cross-section.

In deriving the resultant averaged fluorescence rate, we
consider the cases of CW and pulsed excitation separately.
In the case of CW excitation, α is a bona fide constant,
and hence the average fluorescence rate is given simply by

f = qrg α, (1)

where qr is the radiative quantum yield which, in gen-
eral, depends on the solvent (an overstrike denotes a time
average).

In the case of pulsed excitation, the situation is some-
what more complicated and one must first consider the
average amount of fluorescence generated per excitation
pulse. To this end, we make the following assumptions
which are used throughout this paper: i) the duration τp
of each pulse is considerably shorter than the molecule’s
excited state lifetime τe, and ii) the interval τl between
pulses is considerably longer than the molecule’s excited
state lifetime. In practice, the most commonly used illu-
mination source for MPE is a mode-locked Ti:Sapphire
laser for which τp ≈ 100 fs and τl ≈ 10 ns. Inasmuch as
molecular excited state lifetimes are typically on the order
of a few nanoseconds, assumption (i) is entirely justified
whereas assumption (ii) is reasonably justified. An impor-
tant consequence of assumption (i) is that a molecule can
be excited effectively no more than once per pulse. We de-
rive this by noting that the probability that a molecule is
excited more than once per pulse becomes independent of
α for large α and is no larger than of order τp/τe, which is
negligibly small here (< 10−4). The ramifications of this
deceptively simple consequence will be discussed at length
in Section 6.

Denoting ξ (between 0 and 1) as the probability that a
molecule is excited during a pulse given that the molecule
definitely starts in the ground state at the onset of the
pulse, then the average fluorescence rate of the molecule
becomes simply f = qrg α, with the prescription here that
g is sampled only at the onset of each pulse and that α =
ξ/τl. In other words, f can be expressed in the same form
(Eq. (1)) for both CW and pulsed excitation. We note that
g depends on the internal state of the molecule whereas α
is independent of the internal state of the molecule.

3 Ground-state depletion

It is clear that any reduction in g, known as a ground-state
depletion, will lead to a reduction in the average fluores-
cence rate of the molecule. Several factors can contribute
to ground state depletion. We will first discuss those gov-
erned by the molecule’s internal dynamics and defer those
governed by the molecule’s external dynamics to Section 4.

Referring to the model in Figure 1, the rate equations
governing a molecule’s internal dynamics can be written
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in simple matrix form:

d

dτ

ge
t

 =

−α (1− qisc)/τe 1/τt
α −1/τe 0
0 qisc/τe −1/τt

ge
t


≡M

ge
t

 (2)

where the generalization to a more complicated level sys-
tem is straightforward. The steady-state solution for g in
the case of CW excitation is given by

g =
1

1 + α(τe + qiscτt)
· (3)

In the case of pulsed excitation, again following the pre-
scription that g, e, and t are sampled only at the onset of
each pulse, the rate equations reduce to those of a two-
level system (e ∼= 0), and the solution is simply

g =
1

1 + αqiscτt
· (4)

In both cases, g decreases with increasing α. The onset
of ground-state depletion for CW excitation occurs when
α ≈ 1/(τe + qiscτt), whereas for pulsed excitation it oc-
curs when α ≈ 1/qiscτt. For popular dye molecules such
as fluorescein or rhodamine, the quantities τe and qiscτt
are typically of the same order of magnitude, meaning
that the onset of ground-state depletion occurs when these
molecules are excited at about the same rate as they can
fluoresce (> 100 MHz). We point out that such an aver-
age excitation rate can only barely be approached with
current mode-locked Ti:Sapphire lasers.

Referring to equation (1), the onset of ground-state
depletion means that f no longer scales linearly with α,
though it continues to monotonically increase with α. We
emphasize here that we have not yet specified the depen-
dence of α on the illumination intensity (for example this
could be power squared for 2PE, power cubed for 3PE,
etc.). As such, α should be interpreted as a generalized
excitation rate.

Finally, we point out that the phenomenon of ground-
state depletion is often referred to in the literature as “sat-
uration”. In keeping with our definition of g for pulsed
excitation, ground- state depletion in this paper is inter-
preted as being relatively long-lived in that its effect can
subsist from pulse to pulse. We reserve the term “satura-
tion” for the effect of intra-pulse ground- state depletion
only (see Sect. 6).

4 Diffusion and photobleaching

In our analysis of the internal dynamics of a molecule, we
have tacitly assumed that the molecule is in closed sys-
tem, that is, that the molecule must reside in only states
g, e or t (i.e. det[M]=0) and that the molecule can be
excited regardless of its external dynamics (e.g. location

in space). In practice, however, the volume V in which
a molecule can be excited is usually much smaller than
the sample volume containing the molecule, meaning that
a molecule which is being excited can simply diffuse out
of V , effectively curtailing the possibility of its being fur-
ther excited. Moreover, mechanisms other than diffusion
can cause a molecule to “exit” V . In particular, an ex-
cited molecule can undergo photobleaching, defined here
as a photo-chemical reaction that permanently removes
the molecule from the excitation-fluorescence cycle. As
pointed out in the introduction, photobleaching ultimately
limits the quality of imaging in fluorescence microscopy,
and its effects cannot be neglected.

As opposed to Section 3 where we examined only the
internal dynamics of a molecule in a closed-system, we will
examine here only the external dynamics of a molecule in
an open-system. That is, we will consider here only the
effects of diffusion and photobleaching. A more complete
picture of molecular dynamics is deferred to Section 5.

To begin, let us denote qb as a phenomenological quan-
tum yield for photobleaching, assumed a constant. In
other words, every time a molecule is excited, it has a
probability qb of being photobleached. Because we are only
considering external dynamics here, a molecule (or popu-
lation of molecules) is completely described by a local con-
centration distribution C(r, z, τ), where r and z are radial
and axial coordinates relative to the focal center of the
illumination beam (see Appendix B), and the dimension
of C is number-of-molecules/unit-volume. The evolution
of C is described by

∂

∂τ
C(r, z, τ) = D∇2C(r, z, τ) − qbα(r, z)C(r, z, τ) (5)

where the first term on the right dictates the evolution
of C governed by diffusion (D is the molecule’s diffusion
constant), and the second term on the right dictates the
evolution of C governed by photobleaching. We have as-
sumed that diffusion and photobleaching are slow relative
to the pulse repetition rate (in the case of pulsed excita-
tion), and we have made explicit the spatial dependence of
α which is defined by the illumination beam profile (given
by W (r, z); see Appendix B).

Equation (5) represents a partial differential equation
which, in general, must be solved numerically. In particu-
lar, we are interested here in the steady-state solution for
C. Two cases must be distinguished. In the case of 1PE,
typically V is bounded radially by a Gaussian illumina-
tion beam profile, and axially by the walls of the sample
container. As such, the diffusion into and out of V is ef-
fectively restricted to 2 dimensions, meaning that C will
continually deplete with time and never reach a steady
state. In other words, the diffusion of new molecules into
V is too slow to counterbalance the removal of molecules
from V due to photobleaching, no matter how small qb. In
the case of MPE, V is defined by the illumination beam
profile alone and is almost always much smaller than the
sample volume. Diffusion into and out of V then takes
place in 3 dimensions and the depletion of C by photo-
bleaching can be counterbalanced by the diffusion of fresh



56 The European Physical Journal D

20

1

r, z  axes

W(r,z)

C(r,z)

Fig. 2. Example of the steady-state concentration C(r, z) for
the case of 2PE photobleaching with a Gaussian-Lorentzian
excitation profile (z0/wr = 2.5), such that a = D/qbw

2
r . Only

profiles along the r-axis (narrow curves) and the z-axis (wide
curves) are shown. C(r, z) is normalized to the concentration
C∞ far from the focal center. W (r, z) equals α(r, z)/α(0, 0).

molecules into V , no matter how large qb. In other words,
given time, C eventually reaches a steady state. A steady-
state solution to equation (5) obtained numerically using
the relaxation method [26] is presented in Figure 2. We
note that the profile of the depletion in C is broader than
that of α. This is a general result which is independent of
the magnitude of α (see Appendix C).

The total fluorescence rate obtained from a population
of molecules is given by the volume integral (neglecting
internal dynamics):

F = qr

∫
α(r, z)C(r, z)dv. (6)

When there is no photobleaching, then C(r, z) = C∞ and
F is linearly dependent on

∫
α. When photobleaching is

sufficient to begin depleting C(r, z), then F deviates from
its linear dependence on

∫
α.

Though equation (5) constitutes an exact formulation
of the dynamics of a molecule governed by diffusion and
photobleaching, it is both tedious and time consuming to
solve and hence it is of little practical use. In particular,
if one generalizes equation (5) to include the internal dy-
namics of molecules as described in Section 3, then solu-
tions become intractable and a simpler formulation of the
problem is highly desirable. To this end, we define Cin as
the average concentration inside the excitation volume V ,
that is,

Cin =
1

V

∫
V

C(r, z)dv. (7)

Using Green’s theorem, and assuming that C is relatively
flat under the illumination beam profile (see Appendix
C), we can then approximate equation (5) by the simpler
equation

∂

∂τ
Cin ≈ (C∞ − Cin)/τd − qb〈α〉Cin (8)

where 〈α〉 represents a spatial average of α over V , and τd
represents the average dwell time of a molecule in V . We

diffusion
     in

diffusion
     out

photobleaching

Cin
( 1/τd )( 1/τd )

( qb< α >)

V

Fig. 3. Simple model of open-system dynamics. Fresh
molecules diffuse into the excitation volume V with rate con-
stant 1/τd. Molecules exit V either by diffusion with rate con-
stant 1/τd, or by photobleaching with rate constant qb〈α〉. The
resultant average concentration in V is Cin.

define dwell time here as the time interval between when
a molecule first enters V and last exits V , given by

τd =
V

Jin
C∞ (9)

where Jin represents the flux of molecules entering V for
the first time. As a simple illustrative example, we con-
sider a hard-sphere excitation volume of radius r0 (see
Appendix C). In this case, Jin = 4πr0DC∞ [27] and hence
τd = r2

0/3D. In the more realistic case where the excita-
tion volume profile is diffuse, then Jin is more difficult to
define and τd must be estimated, as is done below.

The physical interpretation of equation (8) is described
in Figure 3. Molecules can freely diffuse into and out of
the excitation volume with a rate constant τ−1

d , however
once in the volume they can also be photobleached with
a rate constant qb〈α〉. The ratio R of the average emitted
fluorescence including the possibility of photobleaching to
the average emitted fluorescence excluding the possibil-
ity of photobleaching is then approximated by, following
equation (8),

R ≈
Cin

C∞
≈

1

1 + 〈α〉qbτd
· (10)

Further approximations can be made to quantify 〈α〉 and
τd. In particular, 〈α〉 can be approximated as the aver-
age of α over excited molecules, that is 〈α〉 ∼= γa, where
γ is the volume contrast of the excitation profile and
a = α(0, 0) (see Appendix B), and τd can be approxi-
mated by fitting equation (10) to a numerical evaluation
of R obtained from equation (5). We find for different 2PE
excitation profiles, and assuming the relation w2

z , z
2
0 � w2

r

which is always the case in practice (see Appendix B for
definitions of wr, wz, and z0):

τd ≈
w2
r

2.5D
ln

(
2
wz

wr

)
(Gaussian ellipsoid) (11)

τd ≈
w2
r

1.8D
ln

(
6
z0

wr

)
(Gaussian− Lorentzian) (12)

A comparison between R as obtained from equation (10)
and R as obtained fully numerically from equation (5)
is illustrated in Figure 4. Considering the simplicity of
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Fig. 4. Fluorescence generated by a solution of molecules ex-
cited by 2PE with a Gaussian-ellipsoidal profile (wz/wr = 2.5).
R is the ratio of total fluorescence with photobleaching to total
fluorescence without photobleaching. The excitation amplitude
a is expressed in units D/qbw

2
r .

equation (10), its apparent accuracy is notable. We em-
phasize that the same level of accuracy is typical for a
wide variety of different excitation profile parameters.

Referring to equation (10), we note that a reduction
in fluorescence due to concentration depletion caused by
photobleaching occurs when 〈α〉qbτd � 1. Since the loga-
rithmic factors in equations (11) and (12) vary slowly with
changes in the illumination profile, we may consider τd as
roughly proportional to w2

r . Recalling that the illumina-
tion intensity I scales as w−2

r , we observe that in the case
of MPE (α ∝ I2, I3, etc.), an increase in wr can signifi-
cantly alleviate the problem of photobleaching depletion.

5 Fluorescence autocorrelation

At this point, we may combine the internal closed-system
dynamics of a molecule, as described by equation (2), with
the open-system dynamics described in their simplified
form by equation (8) in order to obtain a more complete
picture of molecular fluorescence. Because both equations
are linear, their combination is straightforward. For con-
venience, we express our results in terms of numbers of
molecules rather than concentrations. For example, we de-
note Ng as the number of molecules in V that are in the
ground state (etc.). The full dynamics of the molecules in
V are then given by

d

dτ

NgNe
Nt

 =
(
M− τ−1

d I
)NgNe

Nt

+ τ−1
d

N0
0

 (13)

where again M is the matrix that describes the internal
dynamics of the molecules, however here it can include
the possibility of photobleaching, that is, det[M] may or
may not equal 0 (we will present various scenarios for pho-
tobleaching in Sect. 7). The second term on the right de-
scribes the diffusion of molecules out of V (I is the identity
matrix). The third term on the right, or driving term, de-
scribes the diffusion of fresh molecules into V , which by
definition are in the ground state since they are entering
V for the first time. N here represents the average total

number of molecules in V regardless of whether or not
they are photobleached (i.e. N = C∞V ). We emphasize
that, precisely because of photobleaching, Ng +Ne +N t

is not in general equal to N .
The solution to equation (13) can be expressed in a

variety of different manners. We choose here to express
the solution in the context of the fluorescence autocorre-
lation function, since this is widely used to characterize
both the internal and external dynamics of molecules [16–
19], as well as to calibrate the excitation volume (see Ap-
pendix B). In its normalized form, the fluorescence auto-
correlation function is defined by

GF (τ) =
δF (t)δF (t+ τ)

F
2 (14)

where δF (t) = F (t)−F represents the fluctuations in the
total generated fluorescence, and the overstrike indicates a
long time average over the variable t (G(τ)’s with different
subscripts throughout this article are defined similarly).
If we assume, as is almost always the case in practice,
that the decay rate constant from the excited state τ−1

e is
faster than all other relevant rate constants governing a
molecule’s dynamics (e.g. α, τ−1

t , τ−1
d etc.; see Appendix

B), then for correlation times τ � τe one obtains the
simple relation GF (τ) = GNg (τ), which in turn may be
re-expressed as

GNg (τ) =
Prob[in, g; τ ]

Ng

· (15)

In the above expression, Ng denotes the steady-state solu-
tion to Ng obtained from equation (13), and Prob[in, g; τ ]
denotes the probability that an individual molecule is both
in the excitation volume and in the state g at time τ , given
that it starts in the volume and in state g at time τ = 0
(i.e.: Prob[in, g; 0] ≡ 1). The molecules are assumed to
be non-interacting, hence there is no correlation between
different molecules.

An evaluation of Prob[in, g; τ ] is obtained from the ho-
mogeneous solution to equation (13), that is, the solution
to equation (13) without the driving term. More specifi-
cally,

Prob[in, g; τ ] = pin(τ)g(τ) (16)

where pin(τ) denotes the probability that the molecule is
in V , without regard to its internal state or whether it
is photobleached, and g(τ) now denotes the conditional
probability that the molecule is in state g given that it
is also in V , with initial conditions pin(0) = g(0) ≡ 1.
Separating equation (13) (without the driving term) into
components operating on external and internal dynam-
ics respectively, we arrive at the set of independent rate
equations:

d

dτ
pin = −τ−1

d pin (17)

d

dτ

ge
t

 = M

ge
t

 · (18)
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The solution to equation (17) is a simple exponential:
pin(τ) = e−τ/τd , whereas the solution to equation (18) de-
pends on the particular internal dynamics of the molecule
in question. For example, we consider the dynamics illus-
trated in Figure 1, to which we add the possibility of pho-
tobleaching either from state e with probability qeb (mean-
ing qb = qeb; see definition of qb in Sect. 4), or from state
t with probability qtb (meaning qb = qiscqtb). In the case
of pulsed MPE and assuming for simplicity that τt � τd,
we obtain

g =
Ng

N
=

1

1 + 〈α〉(qiscτt + qbτd)
· (19)

Equation (19) represents the probability that a molecule
in the excitation volume is also in the ground state. As
expected, we observe that g behaves effectively as a com-
bination of equations (4) and (10).

Having laid the necessary groundwork, we can now
examine the MPE fluorescence autocorrelation function
in detail. Let us first consider the scenario where either
〈α〉 is small, or where there is no ISC nor photobleach-
ing (qisc = qb = 0). We then find g(τ) = 1 and GF (τ)
is simply equal to pin(τ)/N , as illustrated in Figure 5a.
In this scenario, the average number of molecules in the
excitation volume can be directly evaluated from the re-
lation GF (0+) = 1/N , and indeed this relation is used
to define the excitation volume itself (see Appendix B;
we use τ = 0+ here to indicate that we are still in the
regime τ � τe). After a dwell time τ ≈ τd, molecules in
V eventually diffuse out of V , and GF (τ) decays to zero.

If we now allow the possibility of ISC (qisc 6= 0) while
still disallowing the possibility of photobleaching (qb = 0),
then GF (τ) takes on a different profile, as illustrated in
Figure 5b. In particular, GF (0+) = 1/Ng meaning that,
on average, only a fraction g of the molecules in V are flu-
orescing. The apparent shoulder in GF (τ) may be inter-
preted as follows: those molecules that are not fluorescing
at time τ = 0 because they are in the triplet state eventu-
ally decay back to the ground state after a time τ ≈ gτt,
whereupon they can re-enter the excitation-fluorescence
cycle.

Finally, if 〈α〉 is sufficiently large and we allow the
possibility of ISC and photobleaching (qisc 6= 0, qb 6= 0),
then GF (0+) = 1/Ng can be much larger than 1/N , as
illustrated in Figure 5c. Moreover, molecules may exit the
excitation-fluorescence cycle via photobleaching as well as
diffusion, meaning that the decay of GF (τ) towards zero
begins at an earlier time than τd. We denote this earlier
time as τeff , corresponding to the average length of time
a molecule can fluoresce in V , which is given by

τeff

τd
=

1

1 + 〈α〉qbτd
· (20)

The above relation provides an alternative interpretation
to equation (10).

The examples shown in Figures 5a-c illustrate that the
effects of internal dynamics can be quite dramatic. In par-
ticular, molecules possessing no internal dynamics would

1

1

1

log τ

log τ

log τ

GF(τ)

GF(τ)

GF(τ)

(a)

(b)

(c)

g
-1

g
-1

(g +t )
-1

τd

τd

τeff

τt

τt

g

g /(g +t )

Fig. 5. Schematic examples of fluorescence autocorrelation
functions when (a) all molecules are excitable at all times
(white); (b) ISC is allowed and some molecules can temporarily
reside in the triplet state (gray); (c) photobleaching is allowed
and molecules can be permanently removed from excitation-
fluorescence cycle (black). GF (τ )’s are normalized to 1/N ,
where N is the average number of molecules in the excitation
volume. Assumptions for figures: τp � τe � τl � τt � τd, and
qeb, qtb � qisc.

exhibit no variations in GF (τ) as a function of 〈α〉. Man-
ifestly, this not the case when internal dynamics are in-
cluded.

We close this section by noting that the simple form
of pin(τ) derived above (solution to Eq. (17)) is the re-
sult of our having reduced the exact diffusion dynamics
governed by equation (5) to a single rate constant for dif-
fusion into and out of V (see Fig. 3). A more accurate
expression for pin(τ) may be obtained from the full-blown
solution to GF (τ) given the particular excitation profile
in question and assuming no internal dynamics. For ex-
ample, in the case of 2PE, the full solution to pin(τ) for a
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Gaussian-ellipsoid excitation profile is given by

pin(τ) =

(
1

1 + τ/τ̂G

)(
1

1 + (wr/wz)2τ/τ̂G

)1/2

(21)

where τ̂G = w2
r/8D is usually referred to as a “charac-

teristic” diffusion time [28]. In the case of a Gaussian-
Lorentzian profile the solution to pin(τ) cannot be ex-
pressed analytically [29], however an approximation which
is good to within a few percent yields

pin(τ) ≈

(
1

1 + τ/τ̂L

)√
πζ/τeζ/τerfc

[√
ζ/τ
]

(22)

where ζ = z2
0/D and the “characteristic” diffusion time

here is τ̂L = w2
r/6D. By substituting the more exact ex-

pression for pin(τ) into equation (16) alongside the ap-
propriate approximation to g(τ) from equation (18), one
can expect to approximate GF (τ) reasonably well both for
the fast time scales governing molecular internal dynamics
and for the slow time scales governing molecular external
(diffusional) dynamics. Such an approach has been used
previously [30].

It is useful at this point to clarify the difference be-
tween the characteristic diffusion times τ̂ listed above and
the dwell times listed in Section 4 (Eqs. (11) and (12)).
Characteristic times roughly correspond to pin ≈ 1/2, and
hence may be thought of as median autocorrelation times.
That is, given a population of molecules in V , roughly
half this population will have left V after the charac-
teristic diffusion time. This time should not be confused
with the mean autocorrelation time, rigorously defined as
τ =

∫∞
0 pin(τ)dτ , which is longer than τ̂ owing to the slow

decay of pin(τ) (particularly in the case of a Gaussian-
Lorentzian profile). The mean autocorrelation times re-
flect the average duration of molecular trajectories in V
given arbitrary starting points on the trajectories. In con-
trast, the dwell times τd as defined by equation (9) reflect
the average duration of complete molecular trajectories
from the times when molecules first enter V to the times
when they last exit V . This difference in definition is not
sufficient, in general, to guaranty that τd > τ (for example,
τd and τ would be equal if pin(τ) were simply governed
by the exponential dynamics of equation (17) (see para-
dox in [31]). Nonetheless, τd > τ is valid for the pin(τ)
of a Gaussian-ellipsoid profile, and appears to be valid for
the exact pin(τ) of a Gaussian-Lorentzian profile.

In short, the dwell times listed in equations (11) and
(12) tend to be significantly longer than the characteristic
times listed above.

6 Pulse saturation

Thus far, we have discussed how the fluorescence of
molecules depends on the excitation rate constant α. Re-
ferring to equation (1) which defines the average fluores-
cence generated per molecule, we have seen in particular
that f varies linearly with α only insofar as there is no

ground-state depletion. In the event of ground-state de-
pletion, due to ISC or photobleaching for example, then
the dependence of f on α becomes sub-linear. We remind
the reader that α is a generalized rate constant which in
turns depends on the intensity of the illumination beam
I. Since I is a parameter which can be readily controlled
in experiment, it is important to understand its influence
in detail, particularly in the context of pulsed versus CW
illumination.

Let us first consider the case of CW illumination and
define α(I) as the functional dependence of α on I specif-

ically for this case. In particular, α is proportional to I
2

for 2PE, to I
3

for 3PE, etc. When I is increased, then
α is increased accordingly (to a point – we neglect very
high intensity phenomena such as stimulated emission,
self-focusing, ionization, etc.).

We now consider the case of pulsed illumination, which
is almost always necessary for adequate MPE. As dis-
cussed in Section 2, α is then properly defined as ξ/τl,
where we recall that ξ represents the probability that a
single pulse excites a ground-state molecule. On examin-
ing the functional dependence of ξ on I (in the regime
where τp � τe; see Sect. 2), we find that when I is in-
creased then ξ cannot increase indefinitely since it must
be bounded between 0 and 1. Specifically, we find the re-
lation ξ = 1− e−ατl (using Eqs. (A.1-A.3)), or again

α̂ =
1

τl
(1− e−ατl) (23)

(for ease of notation, we use a caret to identify the case of
pulsed illumination).

Equation (23) indicates that while the time-averaged
excitation rate constants for pulsed (α̂) and CW (α) illu-
minations are equivalent at low intensities, they are man-
ifestly no longer equivalent at high intensities. We refer
to the deviation experienced by α̂ at high intensities as
pulse saturation, since by definition this only applies in the
case of pulsed illumination. The onset of pulse saturation
occurs at illumination intensities for which α(I) ≈ 1/τl,
meaning that for popular dyes such as fluorescein or rho-
damine and with Ti:Sapphire illumination, the onset of
pulse saturation typically occurs at roughly the same in-
tensity as does the onset of ground- state depletion due to
intersystem-crossing (see Sect. 3).

We emphasize here that the phenomenon of pulse sat-
uration is a consequence of our having assumed that a
molecule can be excited at most only once per pulse, an
assumption which is valid for the particular pulse condi-
tions described above. The effect of pulse saturation on the
excitation profile is best understood by explicitly separat-
ing α̂ into amplitude and spatial components, in the same
manner as in Appendix B. That is, we write α̂ = âŴ (r, z),
where â represents the magnitude of the excitation rate
constant at the focal center, and Ŵ (r, z) represents the
spatial profile of the excitation rate constant normalized
such that Ŵ (0, 0) ≡ 1. From equation (23), we find,

â =
1

τl
(1− e−aτl) (24)
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Fig. 6. Normalized profile of 2PE excitation rate constant
(along z-axis) in the cases of low- intensity illumination (W =
Gaussian-ellipsoid of aspect ratio 1:2.5), and high-intensity il-

lumination (Ŵ ).
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Fig. 7. Effective volume V̂ and volume contrast γ̂ as a func-
tion of pulse-saturation parameter aτl characterizing excitation
strength (normalized to unsaturated V and γ). Approxima-
tions given by equations (28) and (29) (solid lines) are com-
pared to exact results (bullets) for Gaussian-ellipsoid illumina-
tion of aspect ratio 1:2.5.

Ŵ (r, z) =
1− e−aW (r,z)τl

1− e−aτl
· (25)

The interpretation of equation (24) is that the magnitude
of the excitation rate constant can never exceed the repe-
tition rate of the illumination laser, as expected. The in-
terpretation of equation (25) is illustrated in Figure 6. For
small illumination intensities such that α(I)� 1/τl, then

Ŵ (r, z) assumes the same unsaturated profile W (r, z) as
in the case of CW illumination. However, for large inten-
sities such that α(I) � 1/τl, then Ŵ (r, z) approaches a
saturated “top-hat” profile. As in Appendix B, we may
assign a volume and contrast parameter to this saturated
profile:

V̂ =
[
∫
Ŵ ]2∫
Ŵ 2

(26)

γ̂ =

∫
Ŵ 2∫
Ŵ
· (27)

These are illustrated in Figure 7. In general, pulse sat-
uration causes both V̂ and γ̂ to become larger than the
corresponding unsaturated V and γ. In particular, γ̂ ap-
proaches 1 for very large illumination intensities, though

very slowly. Simple approximations to equations (26) and
(27) which are valid in the regime ατl < 40, which spans
most experimental conditions of interest, are given by

V̂ ≈ V

(
1 + ε1aτl

1 + ε2aτl

)
(28)

γ̂ ≈ γ

(
1 + ε3aτl

1 + ε4aτl

)
(29)

where, for a Gaussian-ellipsoid excitation: ε1 = 0.24; ε2 =
0.061, ε3 = 0.37, ε4 = 0.16; and for a Gaussian-Lorentzian
excitation: ε1 = 0.24, ε2 = 0.013, ε3 = 0.45, ε4 = 0.19.

We can now gage the effect of pulse saturation on
fluorescence emission. Under conditions of no pulse sat-
uration, the fluorescence emitted from a population of
molecules is given by equation (6). Under conditions of
pulse saturation, equation (6) must be modified. In par-
ticular, α must be replaced by α̂, and C must be replaced
by an attendant Ĉ. Following the steps outlined in Sec-
tion 4 and the general results presented in Appendix C,
we approximate Ĉ as being relatively uniform within the
saturated excitation volume V̂ . The resultant total fluo-
rescence emission (time-averaged) is then finally given by

F̂ ≈ qrγ̂âV̂ Ĉin. (30)

Equation (30) is complete in that it takes into account
the possibilities of pulse saturation as well as ground-state
depletion due to ISC or photobleaching.

Experimental examples of cases where pulse saturation
does and does not play a major role in 2PE are illustrated
in Figures 8 and 9. In both cases, a same objective (Zeiss
water immersion; 40×, NA = 1.2) is used to focus a pulsed
Ti:Sapphire laser beam (Spectra-Physics Tsunami; wave-
length = 820 nm, τl = 12 ns, τp ≈ 200 fs at sample) into
a solution of Rhodamine 6G (R6G) molecules in ultrafil-
tered Type I water (Barnstead NANOpure). No attempt
is made to deoxygenate the water. The resultant fluores-
cence is epicollected, bandpass filtered, and detected with
a photon-counting PMT (Hamamatsu HC125-3). We note
that the ratio R, which represents the deviation of the
measured 2PE fluorescence from a power-squared law, is
independent of the fluorescence detection efficiency.

We have made use of literature values in assigning
some photodynamic constants to R6G: τe ≈ 3 ns [32],
τd ≈ 4 µs [32]; qr ≈ 0.5 [33]; qisc ≈ 0.002 [34]; 2PE ac-
tion cross-section ≈ 50 GM (this value was measured in
methanol [35] and is assumed roughly equivalent in water);
average photon yield per molecule before photobleaching
∼ 2.5 × 104 (yield = qr/qb). We note that there is some
variance in the literature as to the exact photon-yield of
R6G in water, which has been reported to be dependent
on wavelength [36] and on illumination intensity [37]. We
have chosen here a value which corresponds to the “high-
intensity” regime in reference [37] (this reference uses an
alternative definition of photon-yield), and corresponds to
the reported value [33] based on an approach which fully
takes into account illumination beam profile, though per-
haps inadequately takes into account ISC at the very focal
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Fig. 8. Steady-state 2PE fluorescence from solution of R6G
molecules in water excited with a Gaussian-Lorentzian illu-
mination profile (wr = 0.75 µm). R is the deviation of flu-
orescence from a power-squared dependence on peak pulse-
intensity at the focal center Ip (photons/s/cm2) due to pulse-
saturation alone (dotted), pulse-saturation+ISC (dashed), and
pulse-saturation+ISC+photobleaching (solid). Model is com-
pared to experimental results (bullets).
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Fig. 9. Steady-state 2PE fluorescence from solution of R6G
molecules in water excited with a Gaussian-ellipsoid illumina-
tion profile (wr = 0.34 µm; wz = 0.8 µm). R is the deviation of
fluorescence from a power-squared dependence on peak pulse-
intensity at the focal center Ip (photons/s/cm2) due to pulse-
saturation alone (dotted), pulse-saturation+ISC (dashed), and
pulse- saturation+ISC+ photobleaching (solid). Model is com-
pared to experimental results (bullets).

center. Except for the 2PE cross-section, the photophys-
ical constants listed above are all derived from 1PE ex-
periments, and hence can only be assumed to apply in the
case of 2PE.

In the case of Figure 8, the back aperture of the ob-
jective is underfilled by a ratio 1:5, resulting in an ap-
proximately Gaussian-Lorentzian illumination profile in
the sample (V ≈ 20 fL, τd ≈ 3 ms). In the case of Fig-
ure 9, the back aperture of the objective is overfilled, re-
sulting in an approximately Gaussian-ellipsoid illumina-
tion profile in the sample (V ≈ 0.2 fL, τd ≈ 0.2 ms). For a
same laser power, the intensity at the sample is about
10 times smaller when the back-aperture is underfilled
than when it is overfilled. In the former case, the devi-
ation of fluorescence from a power-squared law is primar-
ily governed by photobleaching while the effects of pulse

e

g

t t

e

g

bleaching
bleaching

(a) (b)

Fig. 10. Possible scenarios for 3PE photobleaching. Molecule
is excited to state e by 2PE, and becomes photobleached after
absorbing a third photon from state e (a) or state t (b).

saturation are negligible. In the latter case, the deviation
from a power squared law is primarily governed by pulse
saturation while the effects of photobleaching become less
prominent. In both cases, as predicted in Section 3 for
Ti:Sapphire illumination, the effects of ISC, while not en-
tirely negligible, are distinctly of lesser importance than
either photobleaching or pulse saturation. As a rule of
thumb, the effects of photobleaching dominate those of
pulse saturation when qbτd � τl, and vice-versa.

7 High-order photobleaching
and single-molecule detection

As is evident from Figure 8 and particularly Figure 9,
there is a discrepancy between the fluorescence predicted
by our model and that observed in experiment, even at
modest illumination intensities. We discuss some possible
reasons for this discrepancy, since these lead to important
consequences in establishing criteria for the possibility of
single-molecule detection.

We have tacitly assumed so far that the photobleach-
ing rate constant of a molecule scales in the same manner
as the fluorescence rate constant. That is, we have as-
sumed that qb is effectively a constant independent of the
illumination intensity. Such an assumption is commonly
accepted a priori, though it is rarely justified. Indeed, a
recent report [37] indicates that qb may in fact be intensity
dependent for R6G in water under 1-photon absorption.
Further experiments involving 2-photon absorption [23,
25] suggest that, at least for certain fluorescent molecules,
photobleaching may be governed by processes involving
the absorption of 3 photons or more. In this section we
generalize our model to include the possibility of such
higher order photobleaching processes.

Let us consider, for example, the case where fluores-
cence is governed by 2PE (i.e. f ∝ I2), whereas photo-
bleaching is governed by 3PE (i.e. qb ∝ I). Some possi-
ble scenarios for 3PE photobleaching are depicted in Fig-
ure 10, involving the absorption of a third photon from
the singlet manifold or the triplet manifold. The latter
scenario, for example, has been proposed for the photo-
bleaching of Rhodamine B on a glass surface [38]. The
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Fig. 11. Comparison of models for steady-state 2PE fluores-
cence of R6G molecules in water, based on 2PE photobleach-
ing (dashed) or 3PE photobleaching (solid). Excitation con-
figurations are Gaussian-Lorentzian (low NA; see Fig. 8) or
Gaussian-ellipsoid (high NA; see Fig. 9). Models are compared
to experimental results (bullets).

exact proportionality between qb and I largely depends in
the above cases on the lifetime of the intermediate state
from which the third photon is absorbed. We note that it
is possible to identify the scenarios depicted in Figure 10
by using FCS with different laser repetition rates (using a
pulse picker). This is in contrast to the situation depicted
in Figure 5 (constant qeb and/or qtb), where FCS can-
not distinguish between photobleaching from the singlet
or triplet manifold.

An estimate of the rate constant β for possible 3-
photon photobleaching may be obtained from fits to the
experimental results in Figures 8 and 9. For modest peak
illumination intensities (Ip < 3 × 1030 photons/s/cm2),
these fits turn out to be considerably more accurate than
those provided by a 2-photon photobleaching model (Fig.
11), suggesting that for R6G in water and for the particu-
lar excitation conditions described above, photobleaching
may indeed be dominated by photon absorption processes
of order greater than 2. For very high peak illumination
intensities, however, the measured deviation from a power-
squared dependence is less than that predicted by our 3PE
photobleaching model, and indeed less than that predicted
even by our 2PE photobleaching model, suggesting the oc-
currence of other photophysical processes not taken into
account by our model. Similar observations in the case
high peak intensities have been reported previously [39],
for which the proposed explanation involved stimulated
emission from the excited singlet state which moderates
the effect of ISC (as well as any photobleaching from the
triplet manifold).

In the regime where stimulated emission may be ne-
glected, we illustrate the effects of possible high-order
photobleaching by quantifying the amount of fluorescence
that can be expected from a single molecule in the ex-
citation volume. Such a quantification is indispensable
in establishing the conditions for single molecule detec-
tion, that is, the conditions whereby a single molecule can
generate more signal photons than background photons,
and enough signal photons to allow one to identify the
molecule with high confidence.
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Fig. 12. Expected number of 2PE fluorescence photons gener-
ated by a single R6G molecule in water after it enters excita-
tion volume with Gaussian-Lorentzian profile (wr = 0.75 µm).
Dashed line includes possibility of 2PE photobleaching. Solid
line includes possibility of 3PE photobleaching.
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Fig. 13. Expected number of 2PE fluorescence photons gener-
ated by a single rhodamine molecule in water after it enters ex-
citation volume with Gaussian-ellipsoid profile (wr = 0.34 µm
and wz = 0.8 µm). Dashed line includes possibility of 2PE
photobleaching. Solid line includes possibility of 3PE photo-
bleaching.

The average number of photons generated by a single
molecule is simply given by:

φ ≈ qr〈f〉τeff (31)

where 〈f〉 is the average fluorescence rate of the molecule
while in the excitation volume (defined from Eq. (30)),
and τeff is the average dwell time of the molecule in the
excitation volume taking into account the possibility that
the molecule may effectively “exit” the volume by pho-
tobleaching as well as diffusion (see Eq. (20)). As before,
〈f〉 is governed by the internal dynamics of the molecule,
whereas τeff is governed by the external dynamics of the
molecule resulting from its being in an open system.

We use equation (31) to derive the 2PE fluorescence
signals one might expect for the detection of single R6G
molecules under various conditions. These signals are il-
lustrated in Figures 12 and 13. We note that, in the case
of 2-photon photobleaching, then f and β scale identically
with the illumination intensity I. One expects, therefore,
that as I is increased, then φ increases quadratically in
the regime β � 1/τd and then begins to plateau when
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β > 1/τd. At very high intensities such that a molecule
only rarely reaches the focal center without being photo-
bleached (see Appendix C), then φ begins to drop again
(not shown in Figs.). In the case of 3-photon photobleach-
ing, the ratio f to β scales inversely with I. The peaking in
φ therefore occurs at much lower illumination intensities.
We note that in the case of a tight focus (Fig. 13), 2PE
photobleaching plays a relatively minor role because of
short diffusional dwell times despite high focal intensities,
whereas just the opposite is true for 3PE photobleach-
ing. It is possible that high-order photobleaching may, in
fact, be responsible for the experimental difficulties en-
countered in obtaining high 2PE fluorescence from single
molecules.

We must emphasize that we have entirely neglected a
possible dependence of photobleaching on excitation wave-
length [36], and hence the model we have presented does
not constitute a complete or general theory of high-order
multi-photon photobleaching. We have also neglected the
possibility that qisc may be intensity and/or wavelength
dependent. In particular, short excitation wavelengths
may promote molecules to higher level excited singlet
states, allowing more channels for ISC. Suffice it to say,
however, that the results shown above for R6G suggest
that there may be cases where photobleaching plays a sig-
nificant role in limiting fluorescence generation, and that
further studies into the exact dynamics of photobleaching
for specific molecules under specific excitation conditions
are warranted.

8 Conclusion

A touchstone in fluorescence imaging is the ability to de-
tect single molecules in solution. We have presented a sim-
ple model based on equation (1) which describes how the
multi-photon excited fluorescence rate of molecules, both
under CW and pulsed illumination, is proportional to the
product of the ground-state population and the excita-
tion rate constant. The purpose of this paper has been
to quantify some factors limiting this fluorescence rate.
As in the case of 1PE fluorescence, these factors include
ground-state depletion due to ISC and photobleaching,
though for MPE the qualitative nature of the depletion by
photobleaching differs owing to the inherent confinement
of the excitation volume in 3-dimensions. In the case of
short pulsed illumination, which is characteristic of MPE,
a further factor limiting the fluorescence rate of molecules
is the saturation of the excitation rate constant which is
defined when the time necessary for a molecule to recuper-
ate from an excitation (τe) is much longer than duration
of the illumination pulse (τp). We have adopted a simple
model to combine these factors, making use of rigorous
definitions of such notions as excitation volume, volume
contrast, and diffusion dwell times. Qualitative observa-
tions suggest that the photobleaching constant for R6G
in water for 2PE increases at least linearly with intensity.

Most of the theoretical work and all the experimental work
for this article were carried in the group of W.W. Webb at
Cornell University, funded by the NSF (grant BIR8800278)
and the NIH (grants RR04224 and RR07719). The author is
grateful to Prof. Webb for his support and fruitful discussions.
Additional thanks go out to C. Xu, E. Brown, M. Albota, L.
Moreaux, W. Zipfel, R. Williams and H. Stone.

Appendix A

In this appendix, we define what is meant by the charac-
teristic pulse width of an excitation beam used in MPE.
The most commonly used definition of pulse width is given
by the full width at half maximum (FWHM) of the pulse
profile, or τ1/2, assumed identical for each pulse. This
width may be measured experimentally using an optical
autocorrelator, however such a measurement presupposes
an a priori knowledge of the pulse shape. We will adopt an
alternative definition of pulse width which does not pre-
suppose such an a priori knowledge, and which is more
convenient to use in the context of MPE.

We denote n as the MPE order, that is, n = 2 for
2PE, n = 3 for 3PE, etc. The relevant n-th order autocor-
relation factor of the excitation beam, which is sometimes
referred to as the pulsed beam “advantage factor”, is de-
fined as [40]

gn =
In

I
n (A.1)

where I is the excitation beam intensity and the overstrike
denotes a long time average. We define the characteristic
pulse width τp of the excitation beam through the simple
relation

gn =

(
τl

τp

)n−1

(A.2)

where τl is the pulse period (i.e. the inverse repetition rate
of the excitation beam). Similarly, we define the charac-
teristic pulse intensity Ip of the excitation beam through
the relation

gn =

(
Ip

I

)n−1

(A.3)

(or equivalently Ip = Iτl/τp; see Fig. 14). In other words,
rather than basing the definitions of τp and Ip on pulse
shape, which is difficult to measure and must usually be
assumed, we base our definitions directly on gn, which is
the parameter of relevance in MPE. In the case of 2PE, g2

can be measured with a standard optical autocorrelator
using the 2nd harmonic generation from a nonlinear crys-
tal. Alternatively, g2 can be measured in situ from the
sample produced fluorescence, with or without a knowl-
edge of the absolute 2PE cross-section of the sample [41].
This latter technique may also be used to measure gn’s of
higher order than 2.

For reference purposes, we relate the characteristic
pulse width τp to the full-width half-maximum time τ1/2.
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Fig. 14. True pulse train (solid) and corresponding “top-hat”
pulse train (dashed) possess identical MPE properties.

In the case of a Gaussian pulse profile, τp = 1.52τ1/2 for

n = 2, τp = 1.40τ1/2 for n = 3, etc. In the case of a Sech2

profile, τp = 1.69τ1/2 for n = 2, τp = 1.56τ1/2 for n = 3,
etc.

Appendix B

Throughout the literature, a number of definitions have
been proposed for quantifying the excitation volume for
MPE. Typically, these definitions rely on assigning a ra-
tio between the amount of MPE fluorescence generated
inside the volume versus the amount of fluorescence gen-
erated outside the volume. Since there is little justification
in choosing one particular ratio over another, these defi-
nitions are fundamentally arbitrary.

In this appendix, we derive a rigorous definition of
what is meant by the excitation volume for MPE of any
order. The definition is based on a derivation of the num-
ber of molecules inside the excitation volume [23], where
we specify here that we regard a molecule as a well defined
entity independently of its internal state (for example, a
molecule remains the same molecule even if it becomes
photobleached).

Let us first consider the number of molecules inside an
arbitrary volume (assumed much smaller than the sam-
ple volume). In the case when the molecules are diffusing
freely, then their motion is Brownian. That is, the number
of molecules N(t) in the volume at any given time t is sub-
ject to Poissonian statistics: the variance in N(t) is equal
to the time-averaged number of molecules in the volume
N . In terms of the normalized auto-correlation factor of
the number fluctuations δN(t) = N(t) −N (see Sect. 5),
we find therefore

GN (0) =
1

N
· (B.1)

The above relation applies to an arbitrary volume. We
are specifically interested, however, in the volume that
encompasses only the molecules that are excited by the
incident illumination beam. We identify these molecules
by the instantaneous fluorescence they produce, which is
given by

F (t) = qr

∫
α(x, t)C(x, t)dv (B.2)

where qr is the radiative quantum yield, α(x, t) is the lo-
cal excitation rate constant, C(x, t) is the local molecular
concentration, and the integration is over the entire sam-
ple volume (assumed large). Strictly speaking, C above
represents the concentration of excitable molecules, how-
ever because we do not wish here to distinguish between
excitable and non-excitable molecules, we place ourselves
in the limit where every molecule may be considered ex-
citable. That is, we discount the possibility of ground-state
depletion due to ISC or photobleaching, or equivalently,
we assume that the illumination intensity is low.

Let us consider only those fluctuations that occur over
time scales longer than the excited state lifetime τe and
longer than the interval τl between illumination pulses,
that is, let us consider fluctuations whose durations are at
least of order hundreds of nanoseconds or greater. We can
write then

δF (t) = qr

∫
α(x)δC(x, t)dv (B.3)

where the precise meaning of α is detailed in Section 2.
The fluctuations δF (t) are directly related here to the fluc-
tuations δC(x, t), and hence, in the limit where molecu-
lar internal dynamics are neglected, reflect only the diffu-
sional dynamics of the illuminated molecules. As such, we
can make the direct correspondence GF (τ) ≡ GN (τ). We
find therefore, in the small time limit [42],

GF (0+) =
1

N
· (B.4)

Equation (B.4) provides an unambiguous definition of the
average number of molecules N that can be excited by an
illumination beam of arbitrary profile. Through the simple
relation N = CV , equation (B.4) provides therefore an
unambiguous definition of the excitation volume V .

The final step in formulating V requires an analytic
expression for GF (0+). This is given by [18]

GF (0+) =

∫
α(x)2dv

C[
∫
α(x)dv]2

· (B.5)

which depends on the illumination beam profile. Writing
α(x) = aW (x) where a = α(0) is the excitation amplitude
exactly at the illumination beam focal center, and W (x)
is the unitless normalized excitation profile (W (0) = 1),
and combining equations (B.4) and (B.5), we finally arrive
at

V = γ−1

∫
W (x)dv (B.6)

where we have introduced the concept of a volume con-
trast, defined by

γ =

∫
W (x)2dv∫
W (x)dv

(B.7)

to characterize the sharpness of the volume boundaries. γ
varies between 0 and 1, where γ = 1 characterizes a “top-
hat” volume with perfectly sharp boundaries. Defining
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〈α〉 = F/qrN as the average excitation rate of a molecule
in V , we find 〈α〉 = γa.

We have purposefully kept the intensity dependence of
α(x) arbitrary in equation (B.5), though we remind the
reader that α(x) (and hence W (x)) is proportional I(x)n,
where n is the MPE order. For the case of a Gaussian-
ellipsoid illumination profile, which is a good approxima-
tion when focusing with a high NA objective and overfill-
ing the back aperture, then

I(x) = I(0)e−2r2/w2
re−2z2/w2

z (B.8)

where wr and wz are the radial and axial waists of the
profile. Hence V = (π/n)3/2w2

rwz , and γ = 1/
√

8 regard-
less of n. Numerical fits for NA > 0.8 and n ≥ 2 yield
wr ≈ 0.52λ/ sinθ and wz ≈ 0.76λ/(1 − cos θ), where λ
is the wavelength of the illumination beam in the sample
and θ is the half-angle spanned by the illumination beam
in the sample [43].

For the case of a Gaussian-Lorentzian illumination pro-
file, which is a good approximation when underfilling the
back aperture, then

I(x) = I(0)(w2
r/w

2(z))e−2r2/w2(z) (B.9)

where w2(z) = w2
r(1 + z2/z2

0) and z0 = πw2
r/λ is the

Rayleigh length. In this case, V = (4/3)π2w2
rz0 and γ =

3/16 when n = 2, and V = (32/105)π2w2
rz0 and γ =

35/128 when n = 3, etc.
Finally, we call to attention the similarities in the def-

initions for the excitation volume V (Eq. (B.5)) and the
excitation pulse width τp (defined through Eqs. (A.1) and
(A.2)), which, aside from a difference in units, are quali-
tatively identical.

Appendix C

We present an exact solution to equation (5) for the case
of a “hard-sphere” excitation volume. Though such a vol-
ume is unrealizable in practice, it provides significant in-
sight into the behavior of equation (5) for more general
excitation volumes, and corroborates the results obtained
in Section 4.

To begin, let us consider some general features of a so-
lution to equation (5). Such a solution is governed by dif-
fusion dynamics, meaning that molecular flow rates (i.e.
concentration gradients) are diffusion limited. In partic-
ular this means that, in 3-dimensions, the concentration
depletion [C∞ − C(r)] can vary no faster than of order
∼ 1/r about a localized sink. Because photobleaching via
MPE plays a similar role to that of a localized sink, then
we may conclude that as long as the excitation profile
α(r) decays faster than ∼ 1/r about a focal center, which
it must in order to be confined, then the excitation profile
will always be narrower than the profile of the resultant
concentration depletion. In other words, we may safely as-
sume that C(r) is relatively flat over the dimensions of the
excitation profile, as was done in Section 4.

We turn now to the specific case of an excitation profile
defined by a hard sphere:

α(r) =

{
a (r ≤ r0)

0 (r > r0).
(C.1)

That is, the excitation rate constant, and hence the pho-
tobleaching rate constant, is a fixed value within a radius
r0 and zero outside this radius. The steady-state solution
to equation (5) is analytic, and is given by

C(r) =


C∞

sinhκr

κrcoshκr0
(r ≤ r0)

C∞

(
1−

κr0 − tanhκr0
κr

)
(r > r0)

(C.2)

where κ =
√
qba/D. Several features of this solution are

of note. First of all, qb, a and D enter the solution only
through the parameter κ (this is true for solutions to Eq.
(5) in general). That is, variations in qb or a or in the
inverse of D are equivalent. Secondly, the concentration
depletion varies as ∼ 1/r outside the excitation volume,
as expected for a general solution to equation (5). Thirdly,
upon examining the solution at the focal center C(0) and
performing an expansion of coshκr0, one may readily iden-
tify three regimes: i) if κr0 < 0.1 then C(0)/C∞ ≈ 1,
meaning that there is essentially no concentration deple-
tion, ii) if 0.1 < κr0 < 3 then depletion occurs such that
the depletion depth C(0)/C∞ scales as 1/κr0 whereas the
depletion width remains relatively constant, and finally
iii) if κr0 > 3 the depletion becomes saturated, that is,
C(0)/C∞ scales as a higher power of 1/κr0 and the deple-
tion width begins to grow. The first two regimes i) and ii)
are almost identically described by the linear approxima-
tion equation (8) for the average concentration in the exci-
tation volume, and basically define the regimes for which
equation (8) is valid. In both these regimes, though deple-
tion may occur, the probability that molecules can diffuse
to the focal center of the excitation volume remains sig-
nificant. On the other hand, in regime iii), then C(0) is
close to zero meaning that ∇2C|r=0 ≈ 0. The probability
that a molecule from outside the excitation volume can
diffuse all the way to the focal center without being pho-
tobleached becomes negligible here. In this regime, molec-
ular fluorescence is generated primarily from the fringes
of the excitation volume.

Although our separation of the steady-state depletion
solution into three regimes has been applied to the spe-
cific case of a hard-sphere excitation volume, it is gen-
erally valid for any shape of excitation volume confined
in 3-dimensions. For a spherically symmetric volume, the
quantity r0 should be regarded as the characteristic radius
of the volume. For a cylindrically symmetric volume, as
is usually encountered in practice, the quantity r0 should
be regarded as closer to the radial dimension than to the
(longer) axial dimension of the volume, the reason being
that the dwell times of molecules in the volume are pri-
marily governed by the radial dimension (see Eqs. (11)
and (12)).
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